The notion of an F-manifold algebra is the underlying algebraic structure of an Fmanifold. We introduce the notion of pre-Lie formal deformations of commutative associative algebras and show that F-manifold algebras are the corresponding semi-classical limits. We study pre-Lie infinitesimal deformations and extension of pre-Lie n-deformation to pre-Lie (n + 1)
Introduction
The concept of Frobenius manifolds was introduced by Dubrovin in [14] as a geometrical manifestation of the Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) associativity equations in the 2-dimensional topological field theories. Hertling and Manin weakened the conditions of 0 MSC: 17A30, 53D55, 17B38 Key words and phrases. F-manifold algebra, pre-Lie deformation quantization, pre-F-manifold algebra, Rota-Baxter operator. a Frobenius manifold and introduced the notion of an F-manifold in [23] . Any Frobenius manifold is an F-manifold. F-manifolds appear in many fields of mathematics such as singularity theory [22] , quantum K-theory [25] , integrable systems [10, 11, 30] , operad [33] and so on.
Motivated by the study of the operad of the underlying algebraic structure of an F-manifold, Dotsenko introduced the notion of an F-manifold algebra in [13] and showed that the graded object of the filtration of the operad encoding pre-Lie algebras is the operad encoding F-manifold algebras. The slogan for F-manifold algebras promoted by Dotsenko is that "F-manifold algebras are the same to pre-Lie algebras as Poisson algebras to associative algebras". It is wellknown that Poisson algebras can be understood as semi-classical limits of associative formal deformations of commutative associative algebras. So it is natural to ask whether F-manifold algebras can be understood as certain semi-classical limits.
The first aim of this paper is to answer the above question. We introduce the notion of pre-Lie formal deformations of commutative associative algebras and show that F-manifold algebras are the corresponding semi-classical limits. Note that a commutative pre-Lie algebra is associative and hence the aforementioned formal deformation can put into an extent of "pure" pre-Lie algebras, that is, F-manifold algebras are the semi-classical limits of pre-Lie formal deformations of commutative pre-Lie algebras. This result is parallel to that the semi-classical limit of an associative formal deformation of a commutative associative algebra is a Poisson algebra and illustrates the slogan promoted by Dotsenko. Viewing the commutative associative algebra as a pre-Lie algebra, we show that pre-Lie infinitesimal deformation and extension of pre-Lie n-deformation to pre-Lie (n + 1)-deformation of a commutative associative algebra are classified by the second and the third cohomology groups of the pre-Lie algebra respectively.
The notion of a pre-Poisson algebra was introduced by Aguiar in [1] , which combines a Zinbiel algebra and a pre-Lie algebra such that some compatibility conditions are satisfied. Zinbiel algebras (also called dual Leibniz algebras) were introduced by Loday in [28] in his study of the algebraic structure behind the cup product on the cohomology groups of the Leibniz algebra. See [27, 29] for more details on Zinbiel algebras. More importantly, a pre-Poisson algebra gives rise to a Poisson algebra naturally through the sub-adjacent commutative associative algebra of the Zinbiel algebra and the sub-adjacent Lie algebra of the pre-Lie algebra. Conversely, a Rota-Baxter operator action (more generally an O-operator action) on a Poisson algebra gives rise to a pre-Poisson algebra. In this paper, we introduce the notion of a pre-F-manifold algebra, which also contains a Zinbiel algebra and a pre-Lie algebra, such that some compatibility conditions are satisfied. By the sub-adjacent associative algebra and the sub-adjacent Lie algebra, a pre-F-manifold algebra gives rise to an F-manifold algebra naturally. We further introduce the notion of a Rota-Baxter operator (more generally an O-operator) on an F-manifold algebra, which is simultaneously a Rota-Baxter operator on the underlying associative algebra and a Rota-Baxter operator on the underlying Lie algebra. See [1, 2, 3, 9, 16, 20, 21] for more details on Rota-Baxter operators and O-operators. A pre-F-manifold algebra can be obtained through the action of a Rota-Baxter operator (more generally an O-operator). This coincides with the general theory of splitting of operads [4, 34] . The above relations can be summarized into the following commutative diagram:
Zinbiel algebra + pre-Lie algebra / / sub-adjacent pre-F-manifold algebra sub-adjacent comm associative algebra + Lie algebra
Rota-Baxter action O O
It is well known that the Koszul duals of the operad PreLie of pre-Lie algebras and the operad Zinb of Zinbiel algebras are the operad Perm of permutative algebras and the operad Leib of Leibniz algebras respectively ( [29, 8] ). We further introduce the notion of a dual pre-Fmanifold algebra, which contains a permutative algebra and a Leibniz algebra such that some compatibility conditions hold. By the action of an average operator on an F-manifold algebra, we can obtain a dual pre-F-manifold algebra.
The paper is organized as follows. In Section 2, we recall pre-Lie algebras, Lie-admissible algebras and the cohomology theory of pre-Lie algebras. In Section 3, first we introduce the notion of F-manifold-admissible algebras, which gives rise to F-manifold algebras. Various examples on F-manifold algebras are given. Then we introduce the notion of pre-Lie formal deformations of commutative associative algebras and show that F-manifold algebras are the corresponding semi-classical limits. Furthermore, we study pre-Lie infinitesimal deformations and extensions of pre-Lie n-deformations to pre-Lie (n + 1)-deformations of a commutative associative algebra. In Section 4, first we study representations of an F-manifold algebra. Then we introduce the notions of pre-F-manifold algebras and Rota-Baxter operators (more generally O-operators) on an F-manifold algebra. We show that on one hand, an O-operator on an Fmanifold algebra gives a pre-F-manifold algebra, and on the other hand, a pre-F-manifold algebra naturally gives an O-operator on the sub-adjacent F-manifold algebra. More examples of pre-F-manifold algebras and F-manifold algebras are given. In Section 5, we introduce the notions of dual pre-F-manifold algebras and average operators on an F-manifold algebra and show that an average operator on an F-manifold algebra gives a dual pre-F-manifold algebra naturally.
In this paper, all the vector spaces are over algebraically closed field K of characteristic 0, and finite dimensional.
z − x * g (y * g z) is symmetric in x, y, i.e. (x, y, z) = (y, x, z), or equivalently, (x * g y) * g z − x * g (y * g z) = (y * g x) * g z − y * g (x * g z).
It is obvious that any associative algebra is a pre-Lie algebra.
Lemma 2.2. ([7])
A commutative pre-Lie algebra is associative.
) Let (g, * g ) be a pre-Lie algebra. The commutator [x, y] g = x * g y − y * g x defines a Lie algebra structure on g, which is called the sub-adjacent Lie algebra of (g, * g ) and denoted by g c . Furthermore, L : g → gl(g) defined by
gives a representation of g c on g.
A Lie-admissible algebra is a nonassociative algebra (g, * g ) whose commutator algebra is a Lie algebra. More precisely, it is equivalent to the following condition:
Obviously, a pre-Lie algebra is a Lie-admissible algebra.
Definition 2.4. Let (g, * g ) be a pre-Lie algebra and V a vector space. A representation of g on V consists of a pair (ρ, µ), where ρ : g −→ gl(V) is a representation of the Lie algebra g c on V and µ :
Usually, we denote a representation by (V; ρ, µ). Let R : g → gl(g) be a linear map with x −→ R x , where the linear map R x : g −→ g is defined by R x (y) = y * g x, for all x, y ∈ g. Then (g; ρ = L, µ = R) is a representation, which we call the regular representation. Define two linear maps L * , R * : g −→ gl(g * ) with x −→ L *
x and x −→ R * x respectively (for all x ∈ g) by (4) L * x (ξ), y = − ξ, x * g y , R * x (ξ), y = − ξ, y * g x , ∀x, y ∈ g, ξ ∈ g * . Then (g * ; ρ = ad * = L * − R * , µ = −R * ) is a representation of (g, · g ).
The cohomology complex for a pre-Lie algebra (g, * g ) with a representation (V; ρ, µ) is given as follows ( [15] ). The set of n-cochains is given by C n (g, V) := Hom(∧ n−1 g ⊗ g, V), n ≥ 1. For all φ ∈ C n (g, V), the coboundary operator d : C n (g, V) −→ C n+1 (g, V) is given by
for all x i ∈ g, i = 1, · · · , n + 1. In particular, we use the symbol d reg to refer the coboundary operator associated to the regular representation. We denote the n-th cohomology group for the coboundary operator d reg by H n reg (g, g) and H reg (g, g) = ⊕ n≥1 H n reg (g, g).
F-manifold algebras and pre-Lie deformations of commutative associative algebras
3.1. F-manifold algebras and F-manifold-admissible algebras. In this subsection, we introduce the notion of F-manifold-admissible algebras, which give rise to F-manifold algebras. Various examples are given.
is a commutative associative algebra and (A, [−, −] A ) is a Lie algebra, such that for all x, y, z, w ∈ A, the Hertling-Manin relation holds:
where P x (y, z) is defined by 
is an F-manifold algebra, where the product · A⊗B and bracket [−, −] A⊗B are given by
Recall that a Poisson algebra is a triple (P, · P , {−, −} P ), where (P, · P ) is a commutative associative algebra and (P, {−, −} P ) is a Lie algebra, such that the Leibniz rule holds:
{x, y · P z} P = {x, y} P · P z + y · P {x, z} P , ∀ x, y, z ∈ P. Example 3.7. Any Poisson algebra is an F-manifold algebra.
The notion of PreLie-Com algebras was given in [18, 32] . Definition 3.8. A pre-Lie commutative algebra (or PreLie-Com algebra) is a triple (A, · A , * A ), where (A, · A ) is a commutative associative algebra and (A, * A ) is a pre-Lie algebra satisfying (10) x
x n ] be the algebra of polynomials in n variables. Let
be the system of derivations over A. For any polynomial f ∈ A, the endomorphisms
Let A be the algebra of polynomials in n variables. Define · : AD n × AD n −→ AD n and * : AD n × AD n −→ AD n by
Then (AD n , ·, * ) is a PreLie-Com algebra. Furthermore, (AD n , ·, [−, −]) is an F-manifold algebra, where the bracket is given by
Example 3.11. Let A = K[x 1 , x 2 ] be the algebra of polynomials in two variables. Besides the PreLie-Com algebra structure given in Example 3.10 on AD 2 , there is another PreLie-Com algebra (AD 2 , ·, * ), where the operations · and * are determined by
is an F-manifold algebra, where the bracket is given by
In the sequel, we introduce the notion of F-manifold-admissible algebras, which include PreLie-Com algebras as special cases, and can be used to construct F-manifold algebras.
Definition 3.12. An F-manifold-admissible algebra is a vector space A equipped with two bilinear maps ·
is a commutative associative algebra and (A, * A ) is a Lie-admissible algebra satisfying for all x, y, z ∈ A,
Remark 3.13. Viewing the associative algebra A as a pre-Lie algebra, the condition (12) means that the F-manifold admissible operation * A : A × A → A is a 2-cocycle of the pre-Lie algebra (A, · A ) with the coefficients in the regular representation, i.e. d reg ( * A ) = 0.
is given by (11) .
Proof. We only need to verify the Hertling-Manin relation. By (12), we have
By this formula and (12), we have
This shows that the Hertling-Manin relation holds. Proposition 3.15. Let (A, ·) be a commutative associative algebra with a derivation D. Then the new product
being an F-manifold-admissible algebra for any fixed a ∈ K or a ∈ A. In particular, for a = 0, (A, ·, * 0 ) is a PreLie-Com algebra. Furthermore, (A, ·, [−, −]) is an Fmanifold algebra, where the bracket is given by
Proof. It was shown that (A, * a ) is a pre-Lie algebra for a = 0 by S.I. Gel'fand [19] , for a ∈ K by Filippov [17] and for a ∈ A by Xu [35] . Thus (A, * a ) is a Lie-admissible algebra. Furthermore, by the fact that (A, ·) is a commutative associative algebra and D is a derivation on it, we have
Similarly, we have
Then A with the non-zero multiplication e 1 · e 1 = e 1 , e 1 · e 2 = e 2 · e 1 = e 2 is a commutative associative algebra. It is straightforward to check that all derivations on (A, ·) are determined by D(e 2 ) = ae 2 , ∀ a ∈ K. Thus by Proposition 3.15, (A, ·, [−, −]) with the bracket [e 1 , e 2 ] = ae 2 is an F-manifold algebra.
Example 3.18. Let A be a 3-dimensional vector space with basis {e 1 , e 2 , e 3 }. Then A with the non-zero multiplication e 2 · e 3 = e 3 · e 2 = e 1 , e 3 · e 3 = e 2 is a commutative associative algebra. It is straightforward to check that all derivations on (A, ·) are determined by is an F-manifold algebra.
3.2.
Pre-Lie deformation quantization of commutative pre-Lie algebras. In this subsection, we introduce the notion of pre-Lie formal deformations of commutative associative algebras (that is, commutative pre-Lie algebras) and show that F-manifold algebras are the corresponding semi-classical limits. This illustrates that F-manifold algebras are the same to pre-Lie algebras as Poisson algebras to associative algebras. Furthermore, we show that pre-Lie infinitesimal deformations and extensions of pre-Lie n-deformations to pre-Lie (n + 1)-deformations of a commutative associative algebra A are classified by the second and the third cohomology group of the pre-Lie algebra A (view the commutative associative algebra A as a pre-Lie algebra).
Let (A, · A ) be a commutative associative algebra. Recall that an associative formal deformation of A is a sequence of bilinear maps µ n : A×A → A for n 0 with µ 0 being the commutative associative algebra product
Since an associative algebra can be regarded as a pre-Lie algebra, one may look for formal deformations of a commutative associative algebra into pre-Lie algebras, that is, in the aforementioned associative formal deformation, replace the associative product ·¯h by the pre-Lie product, and wonder what additional structure will appear on A. On the other hand, such an approach can be also seen as formal deformations of a commutative pre-Lie algebra into (non-commutative) pre-Lie algebras, which is completely parallel to the associative formal deformations of a commutative associative algebra into (non-commutative) associative algebras. Surprisingly, we find that this is the structure of the F-manifold algebra. Now we give the definition of a pre-Lie formal deformation of a commutative associative algebra. Definition 3.19. Let (A, · A ) be a commutative associative algebra. A pre-Lie formal deformation of A is a sequence of bilinear maps µ k : A × A → A for k 0 with µ 0 being the commutative associative algebra product · A on A, such that the
Note that the rule of pre-Lie algebra product · on A[[ ]] is equivalent to For k = 1 in (13), by the commutativity of µ 0 , we have
This is just the equality (12) with x· A y = µ 0 (x, y) and x * A y = µ 1 (x, y) for x, y ∈ A. Thus (A, · A , * A ) is an F-manifold-admissible algebra. By Theorem 3.14, (A, · A , [−, −] A ) is an F-manifold algebra.
In the sequel, we study pre-Lie n-deformations and pre-Lie infinitesimal deformations of commutative associative algebras.
We call a pre-Lie 1-deformation of a commutative associative algebra (A, · A ) a pre-Lie infinitesimal deformation and denote it by (A, µ 1 ).
By direct calculations, (A, µ 1 ) is a pre-Lie infinitesimal deformation of a commutative associative algebra (A, · A ) if and only if for all x, y, z ∈ A
Equation (14) means that µ 1 is a 2-cocycle for the pre-Lie algebra (A, · A ), i.e. d reg µ 1 = 0.
Two pre-Lie infinitesimal deformations A = (A, µ 1 ) and A ′ = (A, µ ′ 1 ) of a commutative associative algebra (A, · A ) are said to be equivalent if there exists a family of pre-Lie algebra homomorphisms Id + ϕ : A −→ A ′ modulo 2 . A pre-Lie infinitesimal deformation is said to be trivial if there exists a family of pre-Lie algebra homomorphisms Id + ϕ : A −→ (A, · A ) modulo 2 .
By direct calculations, A and A ′ are equivalent pre-Lie infinitesimal deformations if and only if
Equation (15) means that µ 1 − µ ′ 1 = d reg ϕ. Thus we have Theorem 3.22. There is a one-to-one correspondence between the space of equivalence classes of pre-Lie infinitesimal deformations of A and the second cohomology group H 2 reg (A, A).
It is routine to check that Proposition 3.23. Let (A, · A ) be a commutative associative algebra such that H 2 reg (A, A) = 0. Then all pre-Lie infinitesimal deformations of A are trivial. Definition 3.24. Let {µ 1 , · · · , µ n } be a pre-Lie n-deformation of a commutative associative algebra (A, · A ). A pre-Lie (n + 1)-deformation of a commutative associative algebra (A, · A ) given by {µ 1 , · · · , µ n , µ n+1 } is called an extension of the pre-Lie n-deformation given by {µ 1 , · · · , µ n }.
Theorem 3.25. For any pre-Lie n-deformation of a commutative associative algebra (A, · A ), the Θ n ∈ Hom(⊗ 3 g, g) defined by
is a cocycle, i.e. d reg Θ n = 0.
Moreover, the pre-Lie n-deformation {µ 1 , · · · , µ n } extends into some pre-Lie (n+1)-deformation if and only if [Θ n ] = 0 in H 3 reg (A, A). Proof. It is obvious that
Thus Θ n is an element of C 3 (A, A) . It is straightforward to check that the cochain Θ n ∈ C 3 (A, A) is closed.
Assume that the pre-Lie (n + 1)-deformation of a commutative associative algebra (A, · A ) given by {µ 1 , · · · , µ n , µ n+1 } is an extension of the pre-Lie n-deformation given by {µ 1 , · · · , µ n }, then we have
It is obvious that the right-hand side of the above equality is just Θ n (x, y, z). We can rewrite the above equality as d reg µ n+1 (x, y, z) = Θ n (x, y, z). We conclude that, if a pre-Lie n-deformation of a commutative associative algebra (A, · A ) extends to a pre-Lie (n + 1)-deformation, then Θ n is coboundary.
Conversely, if Θ n is coboundary, then there exists an element ψ ∈ C 2 (A, A) such that d reg ψ(x, y, z) = Θ n (x, y, z).
It is not hard to check that {µ 1 , · · · , µ n , µ n+1 } with µ n+1 = ψ generates a pre-Lie (n + 1)deformation of (A, · A ) and thus this pre-Lie (n + 1)-deformation is an extension of the pre-Lie n-deformation given by {µ 1 , · · · , µ n }.
Pre-F-manifold algebras, Rota-Baxter operators and O-operators on F-manifold algebras
In this section, first we study representations of an F-manifold algebra. Then we introduce the notions of pre-F-manifold algebras and Rota-Baxter operators (more generally O-operators) on an F-manifold algebra. We show that on one hand, an O-operator on an F-manifold algebra gives a pre-F-manifold algebra, and on the other hand, a pre-F-manifold algebra naturally gives an O-operator on the sub-adjacent F-manifold algebra. More examples on pre-F-manifold algebras and F-manifold algebras are given.
4.1.
Representations of F-manifold algebras. In this subsection, we introduce the notion of representations of F-manifold algebras.
Let (A, · A ) be a commutative associative algebra. Recall that a representation of A on a vector space V is a linear map µ : A −→ gl(V) such that µ(x · A y) = µ(x) • µ(y) for any x, y ∈ A. We will denote a representation of A by (V; µ). Let (V; µ) be a representation of a commutative associative algebra (A, · A ). Define µ * : A −→ gl(V * ) by
Then (V * ; −µ * ) is a representation of (A, · A ). 
Then (V * ; ρ * ) is a representation of (g, [−, −] g ). 
for all x, y, z ∈ A.
It is straightforward to obtain the following conclusion. 
Then (V; ρ, µ) is also a representation of the F-manifold algebra given by this Poisson algebra P.
Let (V; ρ, µ) be a representation of a Poisson algebra (P, · P , {−, −} P ). Then the triple (V * ; ρ * , −µ * ) is also a representation of P. But F-manifold algebras do not have this property. In fact, we have 
where R ρ,µ is given by (19) and T ρ,µ :
then (V * ; ρ * , −µ * ) is a representation of A.
Proof. By direct calculations, for all x, y ∈ A, v ∈ V, α ∈ V * , we have
Furthermore, we have
By the hypothesis and the definition of representation, the conclusion follows immediately.
Example 4.7. Let (A, · A , [−, −] A ) be an F-manifold algebra. Then (A; ad, L) is a representation of A, which is also called the regular representation. Furthermore, if the F-manifold algebra also satisfies the following relations:
where Q : ⊗ 3 → A is defined by
Then (A * ; ad * , −L * ) is a representation of A. Definition 4.8. A coherence F-manifold algebra is an F-manifold algebra such that (26) and (27) hold. Proposition 4.9. Let (A, · A , [−, −] A ) be an F-manifold algebra. Suppose that there is a nondegenerate symmetric bilinear form B such that B is invariant in the following sense
Proof. By the invariance of B, we have Q(y, z, w) ), ∀ x, y, z, w ∈ P.
By the above relations, for x, y, z, w 1 , w 2 ∈ P, we have
By the fact that A is an F-manifold algebra and B is nondegenerate, we deduce that (26) and (27) hold. Thus (A, · A , [−, −] A ) is a coherence F-manifold algebra.
4.2.
Pre-F-manifold algebras. Recall that a Zinbiel algebra is a pair (A, ⋄), where A is a vector space, and ⋄ : A ⊗ A −→ A is a bilinear multiplication satisfying that for all x, y, z ∈ A, (29) x Then (A; L) is a representation of the commutative associative algebra (A, ·).
Now we are ready to give the main notion in this subsection. * ) is a pre-Lie algebra, such that the following compatibility conditions hold:
for all x, y, z, w ∈ A. Here F 1 , F 2 : ⊗ 3 A −→ A are defined by 34) and the operation · and bracket [−, −] are defined by (35) x · y = x ⋄ y + y ⋄ x, [x, y] = x * y − y * x.
Remark 4.12. If F 1 and F 2 vanish in the definition of a pre-F-manifold algebra (A, ⋄, * ), then we obtain Aguiar's notion of a pre-Poisson algebra. See [1] for more details.
Theorem 4.13. Let (A, ⋄, * ) be a pre-F-manifold algebra. Then (i) (A, ·, [−, −]) is an F-manifold algebra, where the operation · and bracket [−, −] are given by (35) , which is called the sub-adjacent F-manifold algebra of (A, ⋄, * ) and denoted by A c . (ii) (A; L, L) is a representation of the sub-adjacent F-manifold algebras A c , where L and L are given by (1) and (30), respectively.
Proof. (i) By Lemma 2.3 and Lemma 4.10, we deduce that (A, ·) is a commutative associative algebra and (A, [−, −]) is a Lie algebra. By direct calculations, we obtain
By (31), (32) and (36), we have
Thus (A, ·, [−, −]) is an F-manifold algebra.
(ii) By Lemma 2.3, (A; L) is a representation of the sub-adjacent Lie algebra A c . By Lemma 4.10, (A; L) is a representation of the commutative associative algebra (A, ·). Moreover, note that F 1 (x, y, z) = R L,L (x, y)(z) and F 2 (x, y, z) = S L,L (x, y)(z). Thus (31) implies that (17) holds and, by (36), (32) implies that (18) holds. Thus (A; L, L) is a representation of the sub-adjacent F-manifold algebra A c . Remark 4.14. In fact, the operad PreFMan of pre-F-manifold algebras is the arity splitting of the operad FMan of F-manifold algebras (into two pieces) in the sense of [34] or the disuccessor of FMan in the sense of [4] 
In particular, an O-operator on a commutative associative algebra (A, · A ) with respect to the regular representation is called a Rota-Baxter operator of weight zero or briefly a Rota-Baxter operator on A. . Then there exists a Zinbiel algebra structure on V given by
In particular, an O-operator on a Lie algebra (g, [−, −] g ) with respect to the adjoint representation is called a Rota-Baxter operator of weight zero or briefly a Rota-Baxter operator on g. 
Then (V, * ) is a pre-Lie algebra.
Let (V; ρ, µ) be a representation of an F-manifold algebra (A, · A , [−, −] A ). (1) and (30) respectively.
An O-operator on an F-manifold algebra gives a pre-F-manifold algebra. 
Then (V, ⋄, * ) is a pre-F-manifold algebra and T is a homomorphism from V c to (A, · A , [−, −] A ).
Proof. First by the fact that T is an O-operator on the commutative associative algebra (A, · A ) as well as an O-operator on the Lie algebra (A, [−, −] A ) with respect to the representations (V; µ) and (V; ρ) respectively, we deduce that (V, ⋄) is a Zinbiel algebra and (V, * ) is a pre-Lie algebra.
Denote by [u, v] 
. By these facts and (17) ,
which implies that (31) holds. Similarly, by (18) , one has
which implies that (32) holds. Thus, (V, ⋄, * ) is a pre-F-manifold algebra. It is obvious that T is a homomorphism from V c to (A, · A , [−, −] A ). Example 4.23. We put A = C 1 ([0, 1]). Then (A, ·, [−, −]) with the following multiplication and bracket
is an F-manifold algebra. It is well-known that the integral operator is a Rota-Baxter operator:
It is easy to see that
Thus (A, ⋄ B , * B ) is a pre-F-manifold algebra, where At the end of this section, we give a necessary and sufficient condition on an F-manifold algebra admitting a pre-F-manifold algebra structure. Proof. If T : V −→ A is an invertible O-operator on A with respect to the representation (V; ρ, µ), then the compatible pre-F-manifold algebra structure on A is given by
for all x, y ∈ P.
Conversely, let (A, ⋄, * ) be a pre-F-manifold algebra and (A, · A , [−, −] A ) the sub-adjacent Fmanifold algebra. Then the identity map Id is an O-operator on A with respect to the representation (A; L, L). Then there is a compatible pre-F-manifold algebra structure on A given by
Proof. Since (A, · A , [−, −] A ) is a coherence F-manifold algebra, (A * ; ad * , −L * ) is a representation of A. By the fact that ω is a cyclic 2-cocycle, (ω ♯ ) −1 is an O-operator on the commutative associative algebra (A, · A ) with respect to the representation (A * , −L * ), where ω ♯ : A −→ A * is defined by ω ♯ (x), y = ω(x, y). By the fact that ω is a symplectic structure, (ω ♯ ) −1 is an Ooperator on the Lie algebra (A, [·, ·] A ) with respect to the representation (A * , ad * ). Thus, (ω ♯ ) −1 is an O-operator on the coherence F-manifold algebra (A, · A , [−, −] A ) with respect to the representation (A * ; ad * , −L * ). By Proposition 4.25, there is a compatible pre-F-manifold algebra structure on A given as above.
Dual pre-F-manifold algebras and average operators on F-manifold algebras
It is well known that the Koszul dual of the operad PreLie of pre-Lie algebras is the operad Perm of permutative algebras ( [29] ). Recall that a permutative algebra is a pair (A, •), where A is a vector space and • : A ⊗ A −→ A is a bilinear multiplication satisfying that for all x, y, z ∈ A,
It is well known that the Koszul dual of the operad Zinb of Zinbiel algebras is the operad Leib of Leibniz algebras ( [8] ). Recall that a Leibniz algebra is a pair (g, {−, −}), where g is a vector space and {−, −} : g ⊗ g −→ g is a bilinear bracket satisfying that for all x, y, z ∈ g, 
Recall that an average operator on a commutative associative algebra (A, ·) is a linear map α : A → A such that α(x) · α(y) = α(α(x) · y), ∀ x, y ∈ A. Similarly, we have P x· A α(y) (α(z), α(w)) − x · A P α(y) (α(z), α(w)) − α(y) · A P x (α(z), α(w)) = P y•x (α(z), w) − x · A α(G 1 (y, z, w) 
